L20 LMP with two-sided H,

1. LMP test with two-sided H,

(1) Recall
For Hy: 6 = 6y versus H, : 0 # 0y, with sample X = (X1,..., X,) let
g(Xl, ,Xn) = fé/Q (X, 90) - klf(X, 90) - k‘gfé(X, 00) Then

P(X) =< r g(X1,..,Xp; 600) =0 with By(6) = o and [B4(5o)]p = 0

0 g(Xla 7X7La 00) <0
is LMP test at 8y over
To = {v: By(6o) <, [By(00)]s =0 ad [By ()] is continuous at 6} .
(2) Using U and V
02 (X 60)

Population has continuous distribution. Let U = J;(( : 0)) and V = ( FX00) Then

{ 1 g(Xl,--,Xn; 00) >0

1L V>k+kU .
o(U, V) = { 0 V< ki N sz with By, [¢(U, V)] = o and Eg, [Ug(U, V)] =

is LMP test at 8g over all tests in 7s.

X)>0 V >k + kU
§§ gzo ‘:’{ Vzkij:k;zU ) B(60) = Egy[6(U, V)] and

[Bs(00)]y = [ &(x) 2E) f(; 00) da = Egy [6(X)U (X)) = Eg,[U6(U, V).

Proof. {

Ex1: Write U = U(X; 6y) and V = V(X; 6p). Then V = Uj(X; ) + U?
BN XG0 f1(X50)~[f3(X;0))
Up(X:0) = (%) = sl — V(X; 0) - UX(X; 0).

So Uy(X; 0p) =V — U2 ie., V = U)(X; 6o) + U2,

U L (U
2. Case of <V>9 — ( v )0
0 0

(1) Lemma 1
If population pdf f(—z; 6y) = f(x; 0p), U(—x1,..,—xpn; ) = —U(z1,..,2y; Oy) and

U U
V(_xlu -y —n; 90) = V(.Tl, -y Lnj 00)7 then <V)00 é ( 174 )90

PE. (U(Xl,..,Xneo))> L (U(—Xl,..,—Xn; 90)> _ <—U(X1,..,Xn; 90))

V(X1,.., Xn; 0o V(—=X1,..,—Xpn; 00) V(X1,..,Xn; 00)
(2) Lemma 2
U L (-U
If == , then ke =0 <= Ey,[¢(X)U(X)] =0
V), V')
Proof. —

When kg =0, ¢(U, V') does not depend on V. With (g) L (_U> ,
0 0o
Eg[Us(U, V)| = Egy[-Uo(=U, V)] = —Ep, [Ug(U, V)].



So Ep, [Up(U, V)| =
—
Eyp [US(U, V)] = ff(u,v) up(u,v) f(u, v; Op) ds = ffv>k1+k2u uf(u, v; Op) ds

= ffDl +ffD2 +ffD3 uf(u, v; Op) ds = ffDl uf(u, v; Op) ds.

Vit vV Vekpiau

by

%
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If Eg[Ug(U, V)] = 0, then [[, uf(u, v; ) ds = 0. SO the measure of D is 0.
Hence k9 = 0.

(3) Theorem
Under the condition in Lemma 1, for Hy : 8 = 0y versus H, : 0 # 0,

o) ={ 5 125 with Bafo(v)] =

is LMP test at 8 over all tests in 7s.

3. An example
For Hy : 8 = 0 versus H, : 6 # 0 where 6 is from a logistic population with pdf

f(z; 0) = M, show that the conditions of Lemma 1 hold.

e T et e 2z e~ T
(1) f(x;0) = Tte )2 f(==;0) = (1+ez)2 T T Age )2 T f(x;0).
(2) From HW, U(z1,..,2,; 0) = 32" 1=¢2%  So

2oL e
U(—x1,..,—xn; 0) = >, %_T_Z c= Z_zzﬁ =->. = 1+e—l‘z =-U(x1,..,x, : 0)
(x;—0) _9,—(xz;—0)
(3) U(x1,.ywn; 0) =3, m = Up(z1, .., xn; 0) =3, [143:_(711_@]2
SO Ué(xly oy xny ) Z [1:'_2:7;;]2
ThllS U/(_xly coy — T ) Z [1:_2: 741]2 Z [1:_2:—1111]2 - Ué(xly oy Ty O)

With V(z1,..,2n; 0) = Uj(21, .., Ty; 0) + U (21, .., 23 0),
V(—=z1,..,—2n; 0) = Uj(—x1,..,—xp; 0) + U?(—x1,..,—2n; 0)
Up(z1, .., zn; 0) + U%(z1,..,20; 0) = V(21,..,7p; 0).



